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Abstract: Using the finite element code ABAQUS and the user-defined material utilities UMAT and1
UMATHT, a solid brick graded finite element is developed for three-dimensional (3D) modeling of free2
vibrations of thermally loaded functionally gradient material (FGM) sandwich plates. The mechanical3
and thermal material properties of the FGM sandwich plates are assumed to vary gradually in4
the thickness direction, according to a power-law fraction distribution. Benchmark problems are5
firstly considered to assess the performance and accuracy of the proposed 3D graded finite element.6
Comparisons with the reference solutions revealed high efficiency and good capabilities of the7
developed element for the 3D simulations of thermomechanical and vibration responses of FGM8
sandwich plates. Some parametric studies are carried out for the frequency analysis by varying the9
volume fraction profile and the temperature distribution across the plate thickness.10
Keywords: functionally graded material; sandwich plates; free vibrations; 3D graded finite element;11
3D thermoelastic finite element analysis12
1. Introduction13
Sandwich panels are usually used instead of traditional structural elements made of metals and14
alloys, when increased strength and stiffness with little resultant weight are required for engineering15
applications [1–3]. Although sandwich panels provide outstanding structural features, this structural16
design has also drawbacks. A typical sandwich panel configuration has a high mismatch of material17
and geometrical properties between the face sheet and the core, [4]. Due to this, a variation of the18
interfacial stresses induced by thermal or/and mechanical loads is significant at the face sheet–to-core19
interface [5–7]. Therefore, the performance and reliability of such tri-layer composites are eventually20
defined by the quality of the bonded interface [8,9]. When debonding arises between the skin and21
core material layers, sandwich panels significantly lose their load bearing capacity [10,11]. The modal22
dynamic characteristics of such panels damaged by debonding are changed [12–15] and their overall23
dynamic responses are modified [16–19] as well. Moreover, the debonding may cause eventual failure24
of the sandwich panels [20–22] under dynamic loads.25
In regards to reducing or avoiding the debonding issue, functionally graded materials (FGMs),26
with mechanical and thermal properties that are smoothly distributed over the volume, have potential27
for use as basic layers in sandwich panels. Usually, such sandwich configuration is achieved by28
Submitted to Materials, pages 1 – 22 www.mdpi.com/journal/materials
AC
CE
PT
ED
 M
AN
US
CR
IPT
2 of 22
gradually changing the volume fraction of the FGM constituents across the sandwich plate thickness29
from the bottom face sheet to the top face sheet [23]. This removes the interface stress concentration30
and allows controlling deformation, dynamic responses and etc, by customizing the gradation profile31
[24–26]. Another characteristic of FGM sandwich panels, with metal and ceramic material, is that32
they can be used at elevated service temperatures [27,28]. This fact, however, gives rise to a new33
demand for providing safe operation of FGM sandwich panels in thermal environments. Therefore, an34
accurate description of the thermomechanical behavior of FGM sandwich plates becomes mandatory,35
mainly, to prevent their thermal failure, as considered for FGM coatings in [29–33], amongst the most36
recent studies. At the same time, the analysis of free vibrations of FGM sandwich panels subjected to37
temperature, in the design stage, is important for estimating their overall performance.38
To date, a considerable amount of research on the behavior of FGM plates and shells under39
temperature loading is found in the literature. Various analytical (or semi-analytical) and numerical40
methods have been developed for this, as recently reviewed by [34] reporting that there is intense41
research activity with respect to modeling thermally loaded FGM composites because reliable and42
practical analysis procedures, in terms of accuracy and computational efforts, are in high demand.43
In this regard, the development of two-dimensional (2D) models is motivated by computational44
efficiency, e.g., [35–39]. On the other hand, such models partially lose the accuracy of predictions45
due to simplifications caused by prescribing the behavior of shear deformations across the panel46
thickness. So-called quasi-three-dimensional theories, which adopt assumptions for both shear and47
normal deformations in the thickness direction, have recently been proposed as an improvement to 2D48
theories for more reliable analyses of FGM sandwich panels, for example, in [40–42]. Nevertheless,49
only three-dimensional (3D) models, which are not spoiled by any additional prescriptions inherent50
to 2D or quasi-3D theories, are able to address unique aspects stemming from the complex dynamic51
response of FGM sandwich panels, [43]. However, there are two main obstacles to the use of 3D52
models for predictions of FGM plates. First, analytical exact 3D solutions for FGM sandwich plates are53
only available for simple cases of boundary conditions and geometries [44–48]. Secondly, although54
the finite element method (FEM), which is one of the leading computational tools, can solve problems55
associated with the complex geometry and different boundary conditions, the efficiency of conventional56
3D finite element models is not suitable for real-scale FGM sandwich structures. The main reason57
for this is the layered approach for modeling material gradient with conventional finite elements58
because the conventional finite element has constant elastic properties over its domain. To overcome59
this obstacle inherent in models with conventional finite elements, the graded finite element, which60
assigns the material gradation profile at the element level, must be used instead. There are two61
techniques to elaborate a graded finite element. A nodal approximation of element material properties62
with interpolation functions identical to those utilized for the displacement field is used in the first63
technique, for example, as done in [49,50]. The second technique is based on sampling the material64
properties directly at the integration points of the element, [51].65
Not to mention fully coupled thermomechanical problems of FGM sandwich plates involving66
nonlinear material behaviors, the modal dynamics of FGM sandwich plates in thermal environments67
is strongly dependent on the distribution of thermal stresses across the plate thickness [52–55]. On the68
other hand, the thermomechanical behavior of such plates is defined by the material gradation profiles.69
Hence, a prerequisite for high-fidelity modeling is a precise thermoelasticity analysis of such plates70
with accurately prescribed FGM properties. It is well-recognized that the FEM is a powerful means for71
solving multiphysical thermomechanical problems. Moreover, the method has been implemented in a72
series of commercially available codes, for instance, ABAQUS [56] which is popular among researchers73
and engineers. However, the package does not provide finite elements with a spatial variation of74
material properties. To accomplish this, programming of externally prescribed subroutines within75
the package environment is required. Some existing works suggest the use of the ABAQUS UEL76
subroutine which implements a material gradation in the FGM plates via a user-developed finite77
element, for example, [57]. Although this approach gives high flexibility in modeling, it requires the78
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knowledge of an experienced user and extensive benchmarks for the performance of the element79
before simulations. Another approach for the implementation of varying material properties has80
been reported for ABAQUS 2D plane strain elements in [30,58,59], where the strain-stress state of81
FGM pavement and the thermomechanical behavior of the FGM plate have both been analyzed. The82
necessary material properties of studied functionally graded materials have been distributed at the83
Gauss points by coding appropriate material user-defined subroutines such as UMAT and UMATHT.84
In addition, this modeling technique has been extended to 2D plate/shell and 3D models of FGM plates85
in [60,61], respectively, however, only the static bending analysis has been simulated there. Recently,86
three-dimensional finite element models of FGM sandwich plates for dynamic modal analyses have87
been developed in [62,63].88
The aim of this study is to propose an efficient approach for implementing a 3-D graded finite89
element into ABAQUS code to perform a computationally accurate free vibration analysis of thermally90
loaded FGM sandwich plates. A novel graded finite element has been developed based on the 3D brick91
graded finite element proposed for the free vibration analysis of 3D FGM sandwich plates in [62,63]. In92
our study, we extend the functionality of the element to use it for modeling FGM sandwich plates under93
thermal loading. First, we consider a thermomechanical analysis to compute through-the-thickness94
distributions of displacements and stresses in the sandwich plates. Then, with a known thermally95
induced stress state, the free vibration analysis is carried out. The 3D brick graded element has been96
developed by coding a combination of the subroutines such as UMAT, UMATHT, and USDFLD similar97
to the 2D thermomechanical finite element analysis presented in [59]. The performance of the proposed98
3D graded element has been demonstrated by the 3D modeling of heat transfer and free vibrations99
of FGM sandwich plates subjected to thermal loading. The accuracy of the graded element has been100
validated by comparison with results available in the literature for FGM sandwich plates. Parametric101
studies have also been carried out to determine the effect of varying volume fraction profiles and102
the temperature on natural frequencies and associated mode shapes. We believe that the results of103
this research can be used as a benchmarks for 2D solutions and results obtained by other numerical104
methods.105
2. Problem Formulation106
For the sake of completeness, the thermomechanical problem for a continuum made of a107
functionally graded material is briefly summarized in this section. Throughout the section we adopt108
the usual notations used in most books on Continuum Mechanics, which can be referred to for more109
details.110
2.1. Thermomechanical Problem111
Let us consider the FGM sandwich plate as a 3D deformable medium occupying the domain112
Ω ∈ [0, a]× [0, b]× [− h2 ,+ h2 ] bonded by the surface, ∂Ω ⊂ Ω, at an instant of time, t ∈ [0, tend]. The113
plate is defined at a given temperature T0 in the unstressed reference configuration with respect to114
a rectangular Cartesian co-ordinate system, xi = (x, y, z), with the z-axis aligned along the plate115
thickness and with the plane, z = 0, coinciding with the mid-plane of the sandwich plate. In addition,116
the planes z = ±h/2 refer to the bottom ∂Ω− and the top ∂Ω+ plate surfaces, respectively, where117
∂Ω \ (∂Ω− ∪ ∂Ω+) = [− h2 ,+ h2 ], as shown in Figure 1a.118
In the Lagrangian description, the equations of mechanical motion and thermal equilibrium at119
each spatial point, x, of the domain, Ω, at a time instant, t, in the absent of body forces and internal120
heat sources can be presented as [64]:121
∇ · σ = ρ(x)u¨,
−∇ · q = ρ(x)c(x)θ˙ + β(x)T0 Tr(ε˙), (1)
where, σ and q are the Cauchy stress tensor and the heat flux vector, respectively; u is a displacement122
field and θ stands for a temperature field associated with a change of the instantaneous temperature123
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Figure 1. Sketches of: (a) functionally gradient material (FGM) sandwich panel; (b)
through-the-thickness gradations of material properties; and (c) variations of ceramic volume fraction
variations for various power-law indexes p.
T(x, t) above the reference temperature T0 at time t ∈ [0, tend]; and ρ(x), c(x), and β(x) denote the124
mass density, the specific heat, and the stress-temperature modulus, respectively, which are functions125
of a spatial position x.126
Assuming small displacements and deformations, the infinitesimal strain tensor as a sum of127
elastic mechanical "el" and thermal "th" parts is expressed by128
ε = εel + εth = 12
(∇u + (∇u)T) ,
εth = α(x)θI,
(2)
where α(x) is the coefficient of thermal expansion and I is the identity tensor.129
Consider the FGM is a linear isotropic material that complies with the classical law of thermal130
conductivity. Then, the thermoelastic constitutive equations of the FGM sandwich plate have a form:131
σ = λ(x)Tr (ε)I + 2µ(x)ε − β(x)Iθ = D(x) : ε − β(x)Iθ,
q = −κ(x)∇θ, (3)
where, the Lamé constants λ(x) and µ(x) of the elasticity tensor D(x), the modulus β(x) = α(3λ+ 2µ)132
and the conductivity κ(x) are pointwise functions of location.133
Two types of the boundary conditions must be specified on the plate surface ∂Ω at any instant134
in time. The mechanical boundary conditions are prescribed by displacements u¯ on the boundary135
∂Ωu and traction t¯ on the boundary ∂Ωt, where ∂Ωt ∪ ∂Ωu = ∂Ω. In a similar manner, the thermal136
boundary conditions are defined by a prescribed temperature T¯ and heat flux q¯1 and/or an exposure137
to an ambient temperature through convection so that q¯2 = hˆ(x)(T − T∞) on the plate surfaces ∂Ωθ138
and ∂Ωq = ∂Ωq1 ∪ ∂Ωq2 , respectively. Here, hˆ(x) is the heat film transfer coefficient and T∞ is the139
temperature of the surrounding medium [64].140
Using the principle of virtual work and collecting (1) to (3) with appropriate boundary conditions,141
the system of mechanical and energy equations can be rewritten in the weak form as follows:142 ∫
Ω {σ : ∇δu + ρ(x)u¨ · δu} dV −
∫
∂Ωt
t¯ · δudA = 0,∫
Ω
{[
ρ(x)c(x)θ˙ + T0β(x)Tr (ε)
]
δθ − q · ∇δθ} dV + ∫∂Ωq q¯δθdA = 0, (4)
for all kinematically admissible virtual displacement δu and temperature δθ fields.143
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2.2. Properties of FGM144
We assume that the sandwich plate be made of a two-phase metal-ceramic functionally graded145
material and, also, without loss of generality, a smooth variation of material thermomechanical146
properties across the plate thickness only, i.e., in the z-direction, see Figure 1b. Herewith, it is deemed147
that the face sheets (or skins) are homogeneous, i.e. pure metal on one side and pure ceramic on the148
other one, with a small or negligible small thickness as compared with the thick metal-ceramic FGM149
core. In addition, we suggest that the gradation profile of the ceramic volume fraction from the bottom150
to top sandwich plate skins is known and is determined by a power-law function in the form:151
Vc = V−c + (V+c −V−c )
(
1
2
+
z
h
)p
, (5)
where, V−c and V+c are the volume fraction of ceramic on the bottom and top surfaces, respectively.152
The case of V−c = 0 and V+c = 1 refers to the gradation profile from pure metal on z = −h/2 to pure153
ceramic on z = +h/2. It follows from (5) that the FGM plate is ceramic-rich when the parameter154
p < 1, and metal-rich when the parameter p > 1. Figure 1c shows the volume fraction variation of the155
ceramic phase along the plate thickness depending on the values of the power-law index p.156
The effective mass density, and thermal and mechanical properties at a point of the FGM are157
specified based on the "rule of mixture" as follows:158
P(z) = Pm + (Pc − Pm)Vc, (6)
where, P(z) represents either the mass density or any of the thermomechanical parameters; and the159
subscripts "m" and "c" are the metallic and ceramic phases whose volume fractions are such that160
Vm +Vc = 1. In turn, each of the parameters may depend on the temperature in the form:161
P(T) = P0(P−1
1
T
+ 1+ P1T + P2T2 + P3T3), (7)
where, P0 stands for material parameters at the reference temperature T0 and P−1, P1, P2, and P3 are162
constants specifying the temperature dependence of the material at the instantaneous temperature T.163
Finally, since the gradient in properties occurs only along the plate thickness direction, then the164
material tensor in (3) in the Voigt notation is as follows:165
D(z) =

2µ(z) + λ(z) λ(z) λ(z)
λ(z) 2µ(z) + λ(z) λ(z) 0
λ(z) λ(z) 2µ(z) + λ(z)
µ(z)
0 µ(z)
µ(z)

(8)
3. Method of Solution166
A displacement-based FEM framework is used for solving the problem formulated in Section 2.167
3.1. Finite Element Discretization168
In the context of FEM, the actual continuous model of the sandwich plate is idealized by an169
assemblage of arbitrary non-overlapping finite elements, Ω =
⋃N
e=1 Ω
e, interconnected at nodal points.170
For each base element, the displacement vector, u(e), and a scalar function of temperature, θ(e), are171
approximated by suitable interpolation functions such that172
u(e)(x, t) = N(x)U(e)(t),
θ(e)(x, t) = N˜(x)Θ(e)(t)
(9)
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Here, the summation over all nodal points of the base element is intended, also, N = [NI(x)] and173
N˜ = [NP(x)] are matrices of the shape functions NI and NP for the displacements and the temperature,174
respectively, associated with certain nodes I and P. The vectors U(e) and Θ(e) are the nodal unknown175
displacements and temperature at those nodes.176
The coupling between the mechanical and thermal problems is assumed to be due to the177
temperature only, i.e., there is no feedback on the energy expression through the displacement field.178
This assumption is reasonable if a thermomechanical model is used that does not involve internal179
variables, such as plastic strains for computing the energy dissipation rate [56]. Substituting the180
displacement and temperature approximations (9) into the variational equalities (4) and accounting181
for the material laws in (3), we arrive at the system of semidiscrete equations of a one-way182
thermomechanical problem at the element level as follows:183
[
M(e) 0
0 0
]{
U¨(e)
Θ¨(e)
}
+
[
0 0
0 C(e)
]{
U˙(e)
Θ˙(e)
}
+
[
K(e)u K
(e)
uθ
0 K(e)θ
]{
U(e)
Θ(e)
}
=
{
F(e)u
F(e)θ
}
(10)
Forms of the element matrices involved in (10) are found, for example, in [59].184
The assembly operation (•) = ANe=1(◦) over all the finite elements leads to the global system of185
semidiscrete equations for the thermoelastic problem in the form:186 [
M 0
0 0
]{
U¨
Θ¨
}
+
[
0 0
0 C
]{
U˙
Θ˙
}
+
[
Ku Kuθ
0 Kθ
]{
U
Θ
}
=
{
Fu
Fθ
}
(11)
where, M, Ku, Kθ and C are the usual global mass, stiffness, conductivity, and capacity matrices,187
respectively; Kuθ is the coupling thermoelasticity matrix; U and Θ are the global vectors of nodal188
displacements and nodal temperature, the dots over them correspond to the time derivatives of these189
vectors; and Fu and Fθ are global vectors of the mechanical and thermal forces.190
In the case of an uncoupled formulation the temperature is given as an external load and it is191
not a primary variable in the mechanical analysis. More specifically, the thermal virtual work leads192
to the initial stress matrix known as a geometric stiffness matrix KG, which contains the terms due193
to the temperature loading on the leading diagonal. Thus, first, the temperature field is computed at194
the given thermal and displacement boundary conditions. Then, a temperature profile, known for195
solving the mechanical problem with the same displacement boundary conditions, is used to find196
the displacement and stress fields. The nonlinear finite element equations of the thermomechanical197
problem are solved by an iterative method, where the nonlinear terms of linearized equations are198
evaluated as a known solution from the preceding iteration. The Newton-Raphson iterative method is199
used in ABAQUS [56]. Finally, the frequency analysis, which accounts for the initial deformed state200
associated with the temperature-induced stresses, is carried out by extracting natural frequencies from201
the eigenvalue-type equation:202 (
(K+KG)−ω2M
)
φ = 0, (12)
where ω is an undamped circular frequency and φ is a vector associated with mode shape at a specific203
frequency ω.204
3.2. Three-Dimensional Graded Element205
The thermomechanical analysis and the modal frequency extraction procedure for FGM sandwich206
plates are carried out with the ABAQUS/Standard code using three-dimensional models. Since207
conventional 3D finite elements, which are available in the ABAQUS finite element library, are not208
able to model a variation of the thermal and mechanical properties within the element volume, a 3D209
graded finite element incorporating gradients of material properties is developed.210
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Figure 2. Isoparametric 3-D brick finite elements form [56]: (a) master element; (b) eight-node linear
element with reduced and full integration schemes1; and (c) 20-node quadratic element with reduced
and full integration schemes1.
1 Numbering of integration points for output is shown in the element layer closest to the face 1, and the integration
points in the other layers are numbered consecutively.
As mentioned in the Introduction, a 3D graded finite element has been developed for performing211
the modal frequency analysis of FGM sandwich plates in [62,63]. To incorporate a variation in the elastic212
properties of the heterogeneous material into the finite element, the material user-defined subroutine213
UMAT that establishes the tangent element stiffness matrix was programmed, while the average mass214
density value was adopted to determine the element mass matrix. In our study, the performance of215
the 3D graded finite element is extended to provide thermal loading and temperature-dependent216
material properties for carrying out the thermomechanical analysis of the FGM sandwich plates. Such217
an analysis requires computing and storing the internal thermal energy and the heat flux which comply218
with the energy balance equation (1) and Fourier’s law of heat conduction (3), respectively, as well as219
modifying the mechanical behavior by accounting for thermal strains (2). The implementation of a220
spatial variation of the thermal and modified mechanical properties in the selected direction in the 3D221
graded finite element has been done following the procedure outlined in [59] for a 2D graded finite222
element. With this approach, a master 3D temperature-displacement finite element, either eight-node223
linear C3D8 or twenty-node quadratic C3D20 brick isoparametric element with either reduced or224
fully integration scheme, which are available in ABAQUS (Figure 2), has been supplemented by a225
combination of user-defined subroutines such as UMAT, UMATHT, and USDFLD, [56]. In addition,226
it should be mentioned that ABAQUS interpolates the temperature field using only the first-order227
approximation regardless of the order of approximation of the displacement field, as shown in Figure 2b228
and c.229
The material subroutine UMAT was programmed to define a through-the-thickness variation230
of the Lamé constants, λ(x) and µ(x), and the stress-temperature modulus, β(x), associated with231
the thermal expansion coefficient, α(x). The distributions across the thickness of the material232
thermal properties were incorporated into the element by coding the specific heat, c(x), the thermal233
conductivity, κ(x), and the film heat transfer, hˆ(x), coefficients in the UMATHT subroutine. Finally,234
the through-the-thickness variation of mass density was incorporated into the element using the235
USDFLD subroutine. Moreover, if the material parameters were deemed to exhibit a temperature236
dependence, appropriate relationships (7) with given coefficients for each material parameter were237
also programmed as functions of the temperature in the mentioned subroutines. In doing so, the238
instantaneous temperature, T, was known as it is a variable passed for information at each time239
AC
CE
PT
ED
 M
AN
US
CR
IPT
8 of 22
increment in the subroutines, and therefore, the property was able to be computed at any current240
temperature value.241
By running the ABAQUS code, the element matrices, presented in (10), which involve variations242
of the material thermal and mechanical properties coded in accordance with a certain relation for FGM243
constituents, have been generated by calling the corresponding user-defined subroutines. Thus, the244
material properties that account for the given material gradation profiles have been assigned directly at245
the Gauss integration points of the element (see Figure 2b and c). In such a way, any arbitrary material246
gradient, for example, a power-law distribution of the ceramic phase in the thickness direction of the247
plate can be prescribed. More details of the implementation of graded elements into the ABAQUS248
code are found in [30,59] and the ABAQUS manual [56].In addition, it is important to note that the249
mass density, averaged over the FGM sandwich plate volume [62,63], was used in the free vibration250
analysis instead of its spatial representation in the case of thermomechanical analysis.251
4. Comparison Study252
The performance of the 3D graded element described above for solving thermomechanical and253
free vibration problems has been verified by comparing calculated numerical solutions with results254
available in the literature.255
4.1. Cube Problem256
As a first validation problem, a unit FGM cube (L = 1) that has been subjected to prescribed257
temperatures on two opposite sides and insulated in all the other sides is considered, Figure 3a. This258
problem has been solved analytically and numerically using the boundary element method in [65]. The259
top surface of the cube z = 1 is maintained at the temperature TL = 100◦C, while the temperature of260
the bottom surface at z = 0 is 0◦C. The reference temperature is also assumed to be 0◦C. The variations261
of thermal conductivity and specific heat along the z-axis are defined by the expressions:262
κ(z) = κ0e2ζz = 5e2z and c(z) = c0e2ζz = e2z
The analytical solution for the temperature in the transient thermal analysis is known [65] as263
θ(z, t) = TL
1− e−2ζz
1− e−2ζL +
∞
∑
n=1
Bnsin(
pinz
L
)e−ζze−
(
pi2n2
L2
+ζ2
)
et,
where, the coefficients, Bn, are given in the form:264
Bn = −TL 2eζLζ2L2+pi2n2
[
ζLsin(pin) 1+e
−2ζL
1−e−2ζL − pincos(pin)
]
and e = κ0/c0
In the finite element simulations, the cube is discretized with 4× 4× 4 twenty-node quadratic265
brick graded elements, as illustrated by Figure 3b. A transient heat transfer analysis is performed with266
ABAQUS, calling the material subroutines UMATHT and USDFLD. The temperature profile along267
the z−axis is plotted at different times for the given exponential material variations and compared268
with the analytical solutions, as shown in Figure 3c. It is evident from the plot that the numerical and269
analytical results are in excellent agreement.270
4.2. Analysis of FGM plates271
As a second example, an aluminum-zirconia functionally graded square plate with sides a = b =272
0.2 m and thickness h = 0.01 m, as studied in [35] is considered. The plate is assumed to be simply273
supported on all the edges and is exposed to a temperature field such that the ceramic-rich top surface274
is held at 300 ◦C and the metal-rich bottom surface is held at 20 ◦C. A stress-free state is assumed to275
be at 0 ◦C. The material thermomechanical parameters of the FGM plate are listed in Table 1. For the276
purpose of comparison, the values of the volume fraction exponent, p, in (5) have been accepted as 0.0277
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Figure 3. The FGM unit cube problem: (a) geometry and thermal boundary conditions, (b) finite
element mesh, and (c) transient temperature profiles.
(pure ceramic), 0.2, 0.5, 1.0, 2.0 and ∞ (pure metal). Figure 4a shows the variation of the temperature278
through-the-thickness profiles of the FGM plate depending on the exponent values. By comparing the279
temperature profiles shown in Figure 4a with those illustrated in [35] (p. 680), one can conclude that280
the plots are nearly identical.281
Table 1. Material properties of FGM constituents.
Constants Aluminum Zirconia(ZrO2) Steel(SUS304) Silicon(Si3Ni4)
E, GPa 70.0 151.0 201.04 348.43
ν 0.3 0.3 0.3262 0.24
ρ, kg/m3 2707 3000 8166 2370
κ, W/mK 204.0 2.09 12.04 9.19
c, J/kgK 896.0 274.0 555.11 496.56
α× 10−6, 1/◦C 23.0 10.0 12.33 5.87
With these calculations it was found that the calculated results converge to the reference data in282
[35] with an increase of the number of graded elements in the thickness direction. The best agreement283
between both the solutions was achieved using eight graded elements across the plate thickness. This284
resulted in time-consuming computations in the case of cubic elements used in the mesh. In order too285
speed up the computations, brick graded elements, with an aspect ratio 4:4:1, have been used instead.286
The elements provided more than 10 times faster computations with the same through-the-thickness287
profiles for variations of temperature and quite acceptable results for temperature-induced deflections288
and stresses across the thickness, as illustrated in Figure 4b-f, respectively, as compared with those in289
[44]. Therefore, such elements are used in the calculations to follow.290
As shown in Figure 4a, it is obvious that the metal and ceramic plates have linear temperature291
variations through-the-thickness profiles, while the FGM plates possess non-linear temperature profiles292
with much lower temperatures in the bottom part of the plate thickness due to the insulation effect of293
ceramic located over the metallic part. Nevertheless, although FGM plates have intermediate properties294
between the pure ceramic and metal plates, their central deflections do not show intermediate values295
between those of the homogeneous plates, as seen in Figure 4b. This is related to the fact that the296
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deflection depends on the product of the temperature and the thermal expansion coefficient. The297
latter is larger in the metal-rich region, while the temperature is higher in the ceramic-rich portion. As298
a result, the thermal strains are not uniform over the plate thickness and the responses of the FGM299
plates are not intermediate to those of the pure metal and ceramic plates. The temperature-induced300
through-the-thickness distributions of central longitudinal and transverse normal stresses, and a301
transverse shear stress at the center of plate edge and an in-plane shear stress at the plate corner, shown302
in Figure 4c - f, respectively, demonstrate that the longitudinal normal stresses in the FGM plates303
exhibit nonlinear profiles in contrast to linear ones in the pure metal and ceramic plates, whereas, the304
transverse normal stress and the shear stresses of all the plates have rather similar profiles and, in the305
case of FGM plates, the stress distributions crucially depend on the power-law index p.306
In order to evaluate the accuracy of the developed graded element in the free vibration analysis307
of thermally loaded FGM plates, the natural frequencies of a fully clamped (CCCC) square FGM plate308
with the thickness-side ratio h/a = 0.1 have been computed and compared with those available in [46].309
Steel-silicon SUS304/Si3Ni4 functionally graded plates were considered. The properties of constituents310
of the FGM are given in Table 1, while the temperature-dependent constants of the constituents can be311
found in [46] (p. 737, Table 1). The FGM plates were assumed to be subjected to different temperatures312
equal to 300 K, 600 K and 800 K, which are uniformly distributed across the plate thickness. The natural313
frequencies of the FGM plates extracted from the finite element analysis have been nondimensionalized314
as follows:315
ω¯ =
ωa2
pi2
√
Im
Dm
,
where, Im = hρm and Dm = Emh3/(12(1− ν2m)) are expressed using the appropriate values of the316
stainless steel at the reference temperature T0 = 300 K. Table 2 shows a good agreement between the317
computed nondimensional frequencies (ωFEM) and the results (ωRe f .) reported in [46].318
Table 2. Comparisons of nondimensional frequencies for a fully clamped (CCCC) SUS304/Si3Ni4
functionally graded square plates thermally loaded by the uniform temperature rise, T.
T p Source ω¯1 ω¯2 = ω¯3 ω¯4 ω¯5 ω¯6 ω¯7 = ω¯8
300 K 2 Present 4.1677 7.9565 11.1587 13.1533 13.2784 15.6883
Li et al. [46] 4.1658 7.9389 11.1212 13.0973 13.2234 15.3627
∆1,% 0.0449 0 .221 0.337 0.427 0.416 2.119
600 K 2 Present 3.7587 7.3978 10.4864 12.4164 12.5484 15.0855
Li et al. [46] 3.7202 7.301 10.3348 12.2256 12.3563 14.8112
∆,% 1.035 1.326 1.467 1.560 1.554 1.852
800 K 2 Present 3.3445 6.8162 9.7681 11.6169 11.7545 14.1711
Li et al. [46] 3.2741 6.6509 9.5192 11.3126 11.4468 13.7907
∆,% 2.151 2.486 2.614 2.670 2.688 2.759
1 ∆ = |ωRe f . −ωFEM |/ωRe f . × 100%.
5. Parametric Study319
After establishing the correctness of the developed 3D graded finite element, parametric studies320
are performed to investigate the effects of gradation profiles in thermo-elastic properties and321
temperature distributions on the free vibrations of FGM sandwich plates.322
First, we consider the free vibration analysis of SUS304/Si3Ni4 functionally graded square323
sandwich plates with the skins’ thickness negligible as compared with the core thickness. The geometry324
and material properties of the sandwich plates were identical to the analysis for the FGM plate in325
Section 4.2. It is assumed that across the thickness, the sandwich plates may be subjected to either a326
uniform temperature field, Tb = Tt = T, or a temperature profile associated with a steady-state heat327
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Figure 4. Through the thickness profiles of: (a) temperature at ( a2 ,
b
2 , z); (b) deflection at (
a
2 ,
b
2 , z); (c)
longitudinal normal stress σ11 at ( a2 ,
b
2 , z); (d) transverse normal stress σ33 at (
a
2 ,
b
2 , z); (e) transverse
shear stress σ13 at (0, b2 , z); and (f) in-plane shear stress σ12 at (0, 0, z) in the simply supported
aluminum-zirconia FG square plate.
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transfer due to differently prescribed temperatures on the bottom, Tb, and top, Tt, plate surfaces. Two328
types of boundary conditions, i.e., all edges simply supported (SSSS) and all edges clamped are used in329
the calculations. Five different material gradations defined by the power-law index p=0.2, 0.5, 1, 5 and330
10 as well as pure ceramic (p=0) and metal (p→ ∞) homogeneous plates are examined. In Tables 3 and331
4, the first ten nondimensional natural frequencies ω¯ of simply supported and clamped FGM plates332
under the uniform temperature of T=600 K are presented, respectively. In addition, in Tables 3 and 4,333
the frequencies calculated with the 3D graded elements are compared with those available in [46] for334
the studied FGM plates.335
Table 3. The first ten nondimensional frequencies of simply supported (SSSS) SUS304/Si3Ni4
functionally graded square plates thermally loaded by the uniform temperature rise, T =600 K.
p Source ω¯1 ω¯2 = ω¯3 ω¯4 = ω¯5 ω¯6 ω¯7 ω¯8 ω¯9 ω¯10
0.0 4.1740 10.1983 15.1457 15.7639 19.2859 19.3065 21.4208 24.2877
0.2 3.3782 8.2814 12.2937 12.8114 15.6802 15.6970 17.3859 19.7542
0.5 2.8570 7.0289 10.4044 10.8797 13.3194 13.3386 14.7118 16.7821
1 Present 2.4894 6.1445 9.0147 9.5105 11.6424 11.6618 12.7449 14.6637
Li et al. [46] 2.5511 6.1761 8.7623 9.5119 11.6301
∆,% 2.419 0.512 2.881 0.0147 0.1056
2 Present 2.2199 5.4930 7.9240 8.4946 10.3932 10.4128 11.2017 13.0762
Li et al. [46] 2.2690 5.4984 7.7231 8.4675 10.3536
∆,% 2.163 0.0979 2.601 0.320 0.382
5 Present 2.0077 4.9736 7.0232 7.6815 9.3911 9.4105 9.9295 11.8002
Li et al. [46] 2.0433 4.9538 6.8769 7.6257 9.3240
∆,% 1.744 0.399 2.128 0.732 0.719
10 Present 1.9138 4.7435 6.6588 7.3267 8.9576 8.9762 9.4157 11.2552
Li et al. [46] 1.9323 4.6881 6.4908 7.2191 8.8282
∆,% 0.958 1.183 2.588 1.490 1.466
∞ 1.7644 4.3928 6.2440 6.8006 8.3256 8.3435 8.8315 10.4772
Table 4. The first ten nondimensional frequencies of fully clamped (CCCC) SUS304/Si3Ni4 functionally
graded square plates thermally loaded by the uniform temperature rise, T =600 K.
p Source ω¯1 ω¯2 = ω¯3 ω¯4 ω¯5 ω¯6 ω¯7 = ω¯8 ω¯9 = ω¯10
0.0 7.1540 13.9341 19.7056 23.3259 23.5522 28.3132 28.3297
0.2 5.7864 11.3046 16.0039 18.9544 19.1406 23.0291 23.1370
0.5 4.8856 9.5742 13.5667 16.0738 16.2347 19.5350 19.7144
1 Present 4.2411 8.3332 11.8143 13.9971 14.1410 17.0117 17.2036
Li et al. [46] 4.2110 8.2429 11.6602 13.7916 13.9366 16.6856
∆,% 0.715 1.096 1.321 1.490 1.467 1.955
2 Present 3.7587 7.3978 10.4864 12.4164 12.5484 15.0855 15.2405
Li et al. [46] 3.7202 7.3010 10.3348 12.2256 12.3563 14.8112
∆,% 1.035 1.326 1.467 1.560 1.554 1.852
5 Present 3.3769 6.6504 9.4212 11.1452 11.2674 13.5341 13.6255
Li et al. [46] 3.3267 6.5424 9.2647 10.9594 11.0790 13.2936
∆,% 1.508 1.650 1.689 1.695 1.701 1.809
10 Present 3.2164 6.3386 8.9808 10.6247 10.7418 12.9026 12.9716
Li et al. [46] 3.1398 6.1857 8.7653 10.3727 10.4866 12.5971
∆,% 2.439 2.472 2.458 2.429 2.434 2.425
∞ 2.9706 5.8867 8.3613 9.9088 10.0175 12.0478 12.2222
Similar to the previous study, the first ten nondimensional natural frequencies of simply supported336
and clamped FGM plates subjected to the temperature profiles following from the solution of the337
thermomechanical analysis under steady-state conditions with the prescribed temperature on the338
top (ceramic) surface Tt=600 K and at the reference temperature on the bottom (metal) surface339
Tb = T0=300 K are collected in Tables 5 and 6, respectively. The contour plot of the temperature340
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Figure 5. For simply supported and clamped plates: (a) temperature distribution and (b)
through-the-thickness profiles of the temperature.
distribution within the plate (a quarter of plate is removed from the presentation to illustrate the341
temperature distribution inside the plate) and the variations of temperature across the thickness (at342
the central section of the plate) depending on the power-law index p, which have been predicted by343
the thermomechanical analysis for the SSSS and CCCC plates, are illustrated in Figures 5a and b. It344
is evident from the latter plot that the effect of p is not significant for this material and the nonlinear345
temperature profiles are very close to the linear temperature distribution.346
Table 5. The first ten nondimensional frequencies of SSSS SUS304/Si3Ni4 functionally graded square
plates thermally loaded by the nonlinear temperature rise as shown in Figure 5.
p Source ω¯1 ω¯2 = ω¯3 ω¯4 = ω¯5 ω¯6 ω¯7 ω¯8 ω¯9 ω¯10
0.0 4.3081 10.4080 15.3395 16.0514 19.6133 19.6228 21.6944 24.6815
0.2 3.5108 8.4961 12.4954 13.1047 16.0239 16.0313 17.6979 20.1604
0.5 2.9890 7.2447 10.6113 11.1745 13.6691 13.6756 15.0485 17.1928
1 Present 2.6193 6.3551 9.2251 9.7984 11.9851 11.9916 13.0976 15.0665
Li et al. [46] 2.6576 6.3764 8.9707 9.7992 11.9555
∆,% 1.443 0.334 2.836 0.008 0.247
2 Present 2.3494 5.7002 8.1383 8.7776 10.7309 10.7370 11.5706 13.4738
Li et al. [46] 2.3727 5.6933 7.9300 8.7468 10.6709
∆,% 0.983 0.121 2.627 0.352 0.562
5 Present 2.1423 5.1904 7.2430 7.9747 9.7453 9.7483 10.3212 12.2111
Li et al. [46] 2.1424 5.1419 7.0806 7.8970 9.6331
∆,% 0.002 0.943 2.293 0.983 1.165
10 Present 2.0556 4.9764 6.8823 7.6380 9.3385 9.3403 9.8304 11.6898
Li et al. [46] 2.0465 4.9106 6.7230 7.5386 9.1945
∆,% 0.442 1.340 2.369 1.319 1.566
∞ 1.8773 4.5577 6.4224 7.0240 8.5796 8.5865 9.0844 10.7833
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Figure 6. The effect of the material gradation profile on natural frequencies of : (a) SSSS plates and (b)
CCCC plates.
Table 6. The first ten nondimensional frequencies of CCCC SUS304/Si3Ni4 functionally graded square
plates thermally loaded by the nonlinear temperature rise as shown in Figure 5.
p Source ω¯1 ω¯2 = ω¯3 ω¯4 ω¯5 ω¯6 ω¯7 = ω¯8 ω¯9 = ω¯10
0.0 7.3941 14.2773 20.1281 23.7940 24.0181 28.6535 28.8629
0.2 6.0126 11.6262 16.3992 19.3921 19.5759 23.4467 23.5288
0.5 5.1077 9.8879 13.9513 16.4991 16.6573 19.9997 20.0263
1 Present 4.4642 8.6455 12.1960 14.4187 14.5594 17.4727 17.5021
Li et al. [46] 4.4904 8.6443 12.1559 14.3412 14.4836 17.0433
∆,% 0.584 0.0137 0.330 0.540 0.523 2.520
2 Present 3.9845 7.7113 10.8685 12.8383 12.9667 15.5080 15.5692
Li et al. [46] 3.9965 7.6961 10.8220 12.7653 12.8934 15.1611
∆,% 0.302 0.198 0.429 0.572 0.568 2.288
5 Present 3.6006 6.9592 9.7974 11.5608 11.6791 13.8901 14.0082
Li et al. [46] 3.5941 6.9264 9.7400 11.4873 11.6043 13.6331
∆,% 0.182 0.473 0.589 0.640 0.644 1.885
10 Present 3.4343 6.6389 9.3464 11.0290 11.1421 13.2356 13.3630
Li et al. [46] 3.4243 6.6002 9.2799 10.9425 11.0551 12.9958
∆,% 0.291 0.586 0.717 0.790 0.787 1.845
∞ 3.1868 6.1832 8.7213 10.3062 10.4111 12.4894 12.4986
It is worth noting that there is very good agreement between the present results and the referenced347
solutions, as seen in Tables 3 to 6. This demonstrates the accuracy and effectiveness of the 3D graded348
finite element developed in the present work. In addition, for the sake of clear demonstration of the349
effect of the material gradation profile on the natural frequencies, some frequencies from Tables 5 and350
6 for the simply supported and clamped FGM plates subjected to the nonlinear temperature rise are351
plotted as functions of the volume fraction exponent p in Figure 6a and b, respectively. It is obvious352
from the plots that the frequencies decrease with an increasing in the power-law index, i.e., growing353
the percentage of ceramic fraction in the top thickness of the FGM plates. In doing so, the higher354
frequencies show more intensive descending trends.355
Next, sandwich plates with thickness of skins h f = 0.1h and thickness of core hc = 0.8h, which356
are referred to as 1-8-1 sandwich configurations, are considered for the free vibration analysis. Three357
different boundary conditions such as fully simply supported, fully clamped, and two edges simply358
supported and two edges clamped (SCSC) are examined. It is assumed that the sandwich plates have359
homogenous skins such that the top and bottom skins are pure ceramic and pure metal, respectively,360
and the core is SUS304/Si3Ni4 functionally graded material identical to that in the previous study361
with the volume fraction exponent p=0.2, 0.5, 2 and 10. The thermomechanical constants of the362
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material constituents are listed in Table 1. The sandwich plates are assumed to be subjected to the363
prescribed temperature on the top surface Tt, and the bottom surface is at the reference temperature,364
i.e., Tb = T0. For the free vibration analyses, first, temperature gradients across the thickness of365
the plates are computed using the thermomechanical analysis under steady-state conditions. Three366
different temperatures Tt=300, 400 and 600 K are applied to the ceramic surface, while the metal surface367
is kept constant and equal to the reference temperature T0=300 K.368
The nondimensional natural frequencies, ω˜ = ω(a2/h)
√
ρm/Em, of the FGM sandwich plates for369
SSSS, CCCC and SCSC boundary conditions, subjected to different temperature profiles following370
from the solution of the thermomechanical analysis and for different material gradients defined by the371
power-law index are tabulated in Tables 7 - 9, respectively. In Tables 7 - 9, for the sake of controlling372
the accuracy of simulations, the first two frequencies have been compared with those presented in [39].373
Table 7. The first ten nondimensional frequencies of SSSS SUS304/Si3Ni4 functionally graded square
1-8-1 sandwich plates thermally loaded by the nonlinear temperature rise.
Tt p ω˜1 (∆,%) ω˜2 = ω˜3 (∆,%) ω˜4 = ω˜5 ω˜6 ω˜7 ω˜8 ω˜9 ω˜10
400 K 0.2 9.4089(4.33) 22.620(6.01) 33.590 34.859 42.580 42.588 47.489 53.578
[39] 9.0180 21.3380
0.5 8.4056(4.31) 20.212(5.71) 29.665 31.142 38.039 38.046 41.958 47.854
[39] 8.058 19.119
2 6.9779(3.28) 16.750(4.58) 23.767 25.750 31.415 31.423 33.636 39.449
[39] 6.756 16.016
10 6.2364(2.66) 14.934(3.87) 20.588 22.907 27.910 27.916 29.127 34.984
[39] 6.075 14.378
600 K 0.2 9.2157(5.82) 22.320(6.73) 33.298 34.447 42.118 42.142 47.105 53.018
[39] 8.709 20.912
0.5 8.2261(5.65) 19.947(6.57) 29.423 30.783 37.646 37.668 41.671 47.377
[39] 7.786 18.717
2 6.8079(4.34) 16.519(5.20) 23.589 25.447 31.099 31.121 33.484 39.065
[39] 6.525 15.703
10 6.0752(3.74) 14.711(4.33) 20.394 22.608 27.592 27.609 28.924 34.593
[39] 5.856 14.101
800 K 0.2 9.0275 22.035 33.030 34.058 41.687 41.727 46.761 52.496
0.5 8.0516 19.693 29.188 30.439 37.275 37.312 41.412 46.923
2 6.6437 16.292 23.381 25.140 30.785 30.818 33.336 38.672
10 5.9216 14.479 20.111 22.275 27.244 27.255 28.691 34.134
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Table 8. The first ten nondimensional frequencies of CCCC SUS304/Si3Ni4 functionally graded square
1-8-1 sandwich plates thermally loaded by the nonlinear temperature rise.
Tt p ω˜1 (∆,%) ω˜2 = ω˜3 (∆,%) ω˜4 ω˜5 ω˜6 ω˜7 = ω˜8 ω˜9 = ω˜10
400 K 0.2 16.213(5.30) 31.190(7.63) 43.912 51.894 52.379 62.855 63.103
[39] 15.397 28.977
0.5 14.460(5.20) 27.809(7.55) 39.144 46.248 46.683 55.893 56.110
[39] 13.746 25.856
2 11.929(3.99) 22.866(6.29) 32.118 37.881 38.248 45.286 45.880
[39] 11.471 21.513
10 10.606(3.26) 20.265(5.59) 28.407 33.450 33.780 39.590 40.461
[39] 10.271 19.192
600 K 0.2 15.841(4.23) 30.664(7.22) 43.268 51.182 51.671 62.078 62.543
[39] 15.199 28.598
0.5 14.102(3.73) 27.311(6.83) 38.541 45.586 46.025 55.278 55.519
[39] 13.594 25.566
2 11.566(1.62) 22.381(4.85) 31.545 37.258 37.631 44.921 45.195
[39] 11.382 21.346
10 10.245( 0.35) 19.783(3.63) 27.836 32.829 33.166 39.261 39.770
[39] 10.210 19.09
800 K 0.2 15.456 30.134 42.629 50.481 50.975 61.298 62.051
0.5 13.723 26.797 37.924 44.911 45.356 54.543 55.051
2 11.162 21.844 30.905 36.559 36.940 44.364 44.546
10 9.817 19.196 27.124 32.042 32.387 38.748 38.886
Table 9. The first nine nondimensional frequencies of two edges fully supported and two edges
clamped (SCSC) SUS304/Si3Ni4 functionally graded square 1-8-1 sandwich plates thermally loaded by
the nonlinear temperature rise.
Tt p ω˜1 (∆,%) ω˜2 (∆,%) ω˜3 ω˜4 ω˜5 ω˜6 ω˜7 ω˜8 ω˜9
400 K 0.2 13.274(5.31) 24.522(6.55) 29.754 33.585 39.655 43.561 51.341 56.518 58.691
[39] 12.605 23.014
0.5 11.846(5.25) 21.896(6.49) 26.537 29.655 35.380 38.897 45.768 50.435 51.944
[39] 11.255 20.560
2 9.7941(4.16) 18.105(5.34) 21.845 23.750 29.118 32.087 37.519 41.460 41.810
[39] 9.403 17.187
10 8.7226(3.53) 16.116(4.65) 19.375 20.581 25.813 28.490 33.147 36.370 36.700
[39] 8.425 15.400
600 K 0.2 13.010(5.31) 24.201(7.36) 29.301 33.281 39.153 43.093 50.670 55.896 58.203
[39] 12.354 22.542
0.5 11.597(4.99) 21.604(7.13) 26.118 29.388 34.922 38.481 45.185 49.877 51.524
[39] 11.046 20.166
2 9.5510(3.31) 17.840(5.62) 21.451 23.532 28.704 31.729 36.992 40.973 41.485
[39] 9.245 16.89
10 8.4845(2.35) 15.855(4.68) 18.987 20.364 25.403 28.133 32.623 36.050 36.214
[39] 8.290 15.146
800 K 0.2 12.742 23.890 28.852 32.999 38.665 42.652 50.077 55.304 57.758
0.5 11.338 21.313 25.691 29.124 34.464 38.077 44.598 49.329 51.116
2 9.2850 17.555 21.019 23.267 28.250 31.343 36.406 40.437 41.093
10 8.2056 15.542 18.514 20.039 24.892 27.683 31.953 35.550 35.593
By inspecting Tables 7 to 9, one can observe that the first two frequencies obtained from the374
present finite element model involving the 3D graded element are in a good agreement with the finite375
element results reported in [39] for all the thermal and displacement boundary conditions considered376
in the calculations. In addition, to show the effect of temperature on the natural frequencies of the SSSS377
sandwich plates with different material gradients in SUS304/Si3Ni4 cores, several nondimensional378
frequencies from Table 7 are presented as a two-dimensional function of the temperature and the379
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Figure 7. The effect of the temperature on natural frequencies of SSSS square 1-8-1 sandwich plates
with different material gradients in SUS304/Si3Ni4 cores: (a) the first nondimensional frequency; (b)
the second nondimensional frequency; (c) the fourth nondimensional frequency; and (d) the sixth
nondimensional frequency.
power-law index in Figure 7. It is clearly seen from the plots that all the shown frequencies decrease380
with increasing temperature for each value of p, in other words, as expected, the FGM sandwich plates381
become more compliant because of the decrease in material stiffness at higher temperatures. Here, the382
variation of the volume fraction exponent affects the natural frequencies to a greater extent than the383
temperature in the considered range. It is also important to mention that the natural frequencies of the384
CCCC and SCSC sandwich plates exhibit similar responses with rising temperature, and by increasing385
the power-law index.386
6. Conclusions387
The free vibrations of FGM sandwich plates under temperature loading conditions are examined.388
The natural frequencies of thermally loaded FGM plates are computed using a model based on the389
3D graded finite element developed within the ABAQUS code environment. The material gradient390
was assumed to vary in the thickness direction of the plates according to a power-law distribution391
of the volume fractions. The rule of mixture was used to evaluate the effective material properties392
of the FGM. The FGM was implemented into the conventional 3D elements of ABAQUS code via393
a combination of user-defined subroutines such as UMAT, UMATHT, and USDFLD (the codes can394
be downloaded from http://polonez.pollub.pl/deliverables/). In the simulations of FGM sandwich395
plates, the thermomechanical analysis, used to obtain a temperature profile and associated with396
temperature-induced displacement and stress fields, couples with a frequency analysis to calculate397
natural frequencies and mode shapes accounting for a temperature-defined base state. The latter398
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analysis adopted the average mass density instead of its spatial distribution adopted by the former399
one. The convergence analysis of the present FE model has been done to validate the accuracy of400
the numerical results by comparing them with the solutions previously reported in the literature and401
to estimate the model computational efficiency. The effects of different thermal loads, imposed at402
the external surfaces in steady-state conditions, and different displacement boundary conditions and403
material parameters, associated with a variety of volume fractions of the material constituents, on the404
frequencies of FGM sandwich plates are discussed in detail. The following conclusions can be drawn405
from the present study:406
• The use of the graded finite elements for analyzing FGM sandwich plates provides a more efficient407
modeling approach than homogeneous elements to achieve high-fidelity results.408
• The solutions of thermomechanical analysis reveal that a temperature profile calculated with the409
3D model is important to predict correct thermal-induced displacement and stress distributions,410
which, in turn, affect the accuracy of calculated natural frequencies and mode shapes of thermally411
loaded FGM plates. The thermomechanical analysis also permits the mode shapes to be analyzed412
in terms of the temperature and stresses.413
• It is observed from the simulations that the natural frequencies decrease as the volume fraction of414
ceramic decreases across the thickness of the FGM plates.415
• The natural frequencies have a tendency to decrease with an increase of temperature for each of416
the functionally graded material profiles studied.417
• This work forms a convenient tool for subsequent dynamic analyses of FGM sandwich plates418
under different temperature conditions with accurate finite element solutions provided by the419
ABAQUS commercial code.420
The developed graded finite element can also be adopted to a 3D crack sensitivity analysis421
associated with nondestructive testing of FGM sandwich panels and welding-adhesive joints as422
proposed in [66,67]. This will be a subject of our future research.423
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